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Abstract 

Starting from the Ashtekar Hamiltonian variables for general relativity, 
the self-dual Einstein equations (SDE) may be rewritten as evolution equa- 
tions for three divergence free vector fields given on a three dimensional surface 
with a fixed volume element. 

From this general form of the SDE, it is shown how they may be inter- 
preted as the field equations for a two dimensional field theory. It is further 
shown that these equations imply an infinite number of non-local conserved 
currents. 

A specific way of writing the vector fields allows an identification of the 

full SDE with those of the two dimensional chiral model, with the gauge 

group being the group of area preserving diffeomorphisms of a two dimensional 

surface. This gives a natural Hamiltonian formulation of the SDE in terms 

of that of the chiral model. The conservation laws using the explicit chiral 

model form of the equations are also given. 
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I. INTRODUCTION 



Integrable systems in two dimensions have been much studied in recent years and there 
are a number of books that discuss the developments Among the main results are the 

derivations of various integrable non-linear differential equations from zero curvature condi- 
tions. For example, it is known that the KdV hierarchy of equations may be derived from 
an SL(2,R) zero curvature condition in 1+1 dimensions using a particular parametrization 
of the gauge field. It is also known that various other integrable equations may be similarly 
derived. This is because the zero curvature condition is the linearized Lax form of a two 
dimensional non-linear field equation 0, and it is this form which is essential for obtaining 
conserved quantities and proving that they are in involution. 

More recent results show that many integrable equations are also derivable from self- 
duality conditions in four dimensions. For example, using again various parametrizations of 
an SL(2,R) gauge field, and this time imposing self-duality on the curvatures followed by a 
dimensional reduction to two dimensions, it has been shown that one can obtain the KdV, 
Sine-Gordon, and non-linear Schrodinger equations f4j-§[. Furthermore, it has been shown 
recently that not just the KdV equation but the entire KdV hierarchy of equations may be 
obtained from an SL(2,R) self-duality condition in 2+2 dimensions J7|. 

The two dimensional chiral model based on finite dimensional Lie groups is another 
example of a two dimensional integrable system Q. One of its field equations is again a zero 
curvature condition for the relevant group. It is this model, but with an infinite dimensional 
Lie group, that will be of relevance for the self-dual Einstein equations (SDE) as discussed 
in this paper. It will turn out, via this analogy that the SDE may also be written as a zero 
curvature condition and one more equation. 

Integrability of the two dimensional models mentioned above is intimately connected 
with the existense of 'hidden' symmetries which are manifested through the existence of 
unexpected conserved quantities, as was slowly unravelled first for the KdV equation. Unlike 
these models, however, the full Einstein equations contain very few hidden symmetries, apart 
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from the built in diffeomorphisms. It has been shown that the only other symmetries are 



constant rescalings of the metric This suggests that the vacuum Einstein equations 

may not be integrable. A further consequence of this for recent approaches to canonical 
quantum gravity is the non-existence of fully gauge invariant observables for compact spatial 
topologies, at least for pure gravity, since if such observables existed, they would also be the 
conserved charges associated with hidden symmetries. 

However, this state of affairs may not be the case for the much studied self-dual Einstein 
equation ||||. There are indications that this system is entirely integrable although 



an infinite number of commuting conserved quantities have so far not been constructed. 
There are a number of interesting results associated with these equations. Using a form of 



the SDE [|TTJ suggested by the Ashtekar Hamiltonian variables for general relativity ||12|| . 
a connection with the self-dual Yang-Mills equation has been demonstrated ||13|| : the SDE 
may be obtained from a 0+1 dimensional reduction of the self-dual Yang-Mills equation 
by an appropriate choice of gauge group. Another result is that the field equation for the 
continuum limit of the Toda model is the same as the SDE for a special ansatz for the 



metric A further connection with two dimensional theories has been the derivation 

of the Plebanski equation || for self-dual metrics from a large N limit of the SU(N) chiral 
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It is also relatively easy to find solutions of the SDE, particularly using their 3+1 form 
suggested by the Ashtekar variables. Using a one-Killing field reduction of these equations 
(to a 2+1 field theory), an infinite class of solutions have been found that are parametrized 
by elements of the algebra (which is the algebra of area preserving diffeomorphisms in 
two dimensions) UTTf . 

These insights, together with the results on two dimensional models described above 
raise a number of questions regarding the integrability and quantization of the SDE: What 
is the Lax pair associated with this equation? Since the Lax pair follows from the existence 
of two distinct Hamiltonian formulations, what are the two symplectic forms? What are the 
explicit forms of the conserved quantities? Are they in involution? 



This paper addresses one aspect of these questions, and is concerned with elaborating 
on the connection between the SDE and two dimensional theories, with emphasis on con- 
servation laws for the former. This will have implications for the existence of fully gauge 
invariant observables for the self-dual sector of the Einstein equations. 

In the next section, we review the construction of non-local conservation laws from the 
field equations of the chiral model. Then in section three, we show how the SDE written in 
the 3+1 form of Ashtekar, Jacobson and Smolin may be interpreted as equations for a two 
dimensional theory. It is shown how this interpretation allows, using the ideas of the second 
section, an explicit construction of an infinite number of conserved currents. In section four 
the SDE is written in a form that allows identification with the chiral model when the gauge 
group is the group of area preserving diffeomorphisms of a two dimensional surface. The 
method of section two is again applied to give the conserved currents explicitly. The last 
section contains a discussion and conclusions. 

II. CHIRAL MODEL AND CONSERVATION LAWS 

The chiral field g(x,t) is a mapping from a 2d spacetime into a group g. The dynamics 
follows from the Lagrangian density 



1 d v g)n 



(2.1) 



where r]^ v is the flat Minkowski or Euclidean metric. The equations of motion are 



%(9 



%g) = o 



(2.2) 



If we define the Lie algebra valued 1-form := g 



1 d fJi g, then this equation of motion 



becomes 




0. 



(2.3) 



Since by definition has a pure gauge form, it follows that 
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= d„A v - d u A^ + [Ap, A v ] = 0. (2.4) 

Associated with the gauge field A^ there is also the covariant derivative 

D„ = d„ + [A„, ]. (2.5) 

Thus the chiral model describes flat connections A^ satisfying d^A^ = 0. Equations (2.3-2.4) 
are the first order forms of the field equation (2.2). 

There exists a simple procedure that demonstrates the existence of an infinite number 
of non-local conserved currents starting from equations (2.3-2.4) fl"8| . 

Since the field equation d^A^ = looks like a conservation law, define the first conserved 
current to be 

jU(x):=A„(x). (2.6) 
This implies that there exists a function f^'(x) such that 

J^=e;dJ^\ (2.7) 
where e^ u is the Levi-Civita tensor. We now define the second current 

J'i 2) :=^/ (1) . (2.8) 
It is easy to verify that it is conserved: 

= -F 01 f (0) = 0, (2.9) 

where the first equality follows because d^A^ = 0, and = 1 because jjp = A^. Define 
now the nth current by 

J (n) = ^ / (n-l) (21Q) 

Assuming it is conserved, implies there exists a function such that 



j£ B) = e;U/ (n) . (2.H) 

It follows that j^ n+1 ^ is conserved: 

= ~F 01 f^ = 0. (2.12) 

Thus the infinite set of currents (2.10) are conserved. Since the currents are built up 
recursively, the associated conserved charges are non-local. For example 

dxjj?\x,t)= dx (d + A (x,t))f^(x,t), (2.13) 

-CO J —CO 

where 

f {1) (x,t)= f dx'A (t,x') (2.14) 



follows from integrating (2.7). The integration constant only contributes a term proportional 
to the first conserved charge 

In the following section it is shown how this procedure may be applied to the self-dual 
Einstein equation. 

III. SELF-DUAL EINSTEIN EQUATION 

The SDE may be written in a first order form using the Ashtekar Hamiltonian variables 
for general relativity [|TT . 



Self-duality is the essential ingredient for this canonical formulation and it is natural 
to ask how the SDE looks in it. The phase space coordinate is the spatial projection of 
the (anti) self-dual part of the spin connection and its conjugate momentum is a densitized 
dreibein. The same is true for Euclidean or (2,2) signatures, or complex general relativity, 
which are the cases of interest for self-dual Riemann curvatures. 
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In these Hamiltonian variables, we would like to know what is the phase space condition 
corresponding to the vanishing of the (anti) self-dual part of the four dimensional Riemann 
curvature. The answer is that the spatial projection of the latter must be zero. The vanishing 
of this spatial projection, when substituted into Ashtekar's 3+1 evolution equations leads 
to the new form of the SDE. It is straightforward to verify that this condition remains zero 
under the Hamiltonian evolution. The resulting equations on four-manifolds M = S 3 x R 
may be written in terms of three spatial vector fields V°~ on E 3 : 

DivV? = (3.1) 
dV a 1 

-^ = ^ ijk [V j ,V k ] a , (3.2) 

where the divergence is defined with respect to a constant auxiliary density and the right 
hand side of (3.2) is the Lie bracket. The self-dual four metrics are constructed from solutions 
of these equations using 

g ab = (detV)- 1 [VfVfSv + V a V£) . (3.3) 

Here i,j,k... = 1,2,3 label the vector field, a,b,... are abstract vector indices, V£ is the 
vector field that is used to perform the 3+1 decomposition, and dV^/dt = V^dbV^ 1 . The 
time derivative in (3.2) can be written in the more general form [Vo, Vi\ a . (For details of 
the derivation of these equations the reader is referred to [11]] where they were originally 
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Our starting point will be the SDE in the form (3.1-3.2). We first rewrite equation (3.2) 
in a form similar to that suggested by Yang |Tj|] for the self-dual Yang-Mills equation 



F ab = \e ab cd F cd (3.4) 

on a complex manifold. Replacing the (local) complex flat coordinates xq, x% by the linear 
combinations t = x + u = xo — ixi, x = xi — ix^ and v = x% + ix^, equation (3.4) 
becomes 

F tx = F UV = (3.5) 
F tu + F xv = 0. (3.6) 



For the SDE, defining in a similar way 

T = V + iVi U = V - iVx 

X = V 2 -iV 3 V = V 2 + iV 3 , (3.7) 
the evolution equations (3.2) become 

[T,X] = [U,V} = (3.8) 

[T,W] + [*,V]=0, (3.9) 

where the vector indices have been suppressed. This shows a rather direct analogy between 
the self-dual Yang-Mills and Einstein equations, namely, the Yang-Mills curvatures are re- 
placed by the Lie brackets of the vector fields. A similar analogy has been noted in a related 
way in ref. fl3 |. 



We will now show that equations (3.8-3.9) give rise to an infinite number of conservation 
laws in a manner similar to that for the chiral model described in the last section. We fix 
(locally) a coordinate system (t, x,p, q) and using the gauge freedom, fix in these coordinates 

t« = (|r x a = (J^r, (3.io) 

with U, V arbitrary except that they be divergence free with respect to the volume form 
defined by the local coordinates: lj = dt A dx A dp A dq. Equations (3.8-3.9) then become 

dU dV , 

a + &=°- < 311 > 

[U,V]=Q. (3.12) 

These are to be compared with equations (2.3-2.4) of the chiral model. The former has the 
form of a continuity equation on the two dimensional (x, t) plane where there is a flat 2-d 
background metric 5^, //, u, ... = x, t. Define a two dimensional vector field valued 1-form 
whose components are the vector fields U, V: 
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= (Udt + Vdx)». 



(3.13) 



Equivalently, is a dyad whose components are vector fields. In this notation, we can 
rewrite equation (3.9) as b lxv d iX A v = and so the first conserved current, by analogy with 



To avoid notational confusion, we emphasize that for the analogy with the chiral model 
equations, we are working in a fixed (local) coordinate system t,x,p,q, part of which (t,x) 
is being interpreted as a two dimensional 'background' spacetime, and that the vector fields 
U, V have components in this background, as well as in the 'internal' (p, q) space. In addition, 
the vector fields U, V are themselves the (x, t) components of the vector field valued gauge 
field A^ as defined in equation (3.13). Thus for example, (3.14) is an equation relating the 
components of the vector fields and r/ 1 ) in the given coordinate system. 

Again following the analogy with the chiral model, we now define a second current and 
show that it is conserved. Since the analogy with the chiral model isn't exact, this definition 
is different from (2.8). Let 



equation (2.6), is jjp := A^. Thus there exists a vector field rf 1 ^ such that 



(3.14) 



(3.15) 



We have 



= -6^[A u ,J^]e a =-2[U,V]=0 



(3.16) 



by equation (3.12). Assuming now a conserved current 



JJW := [A„ V ^] 



= C<W n) 



(3.17) 



it is easy to show that 



:= [A,^\ 



(3.18) 



9 



is conserved: 

= -er[A v ,jp] = -er[A v ,[A»V in - 1) ]] 

= -[[U,V], V ^}=0 (3.19) 

Thus we have shown that equations (3.11-3.12) imply the conservation of the infinite 
number of vector field valued currents jj^ defined in equation (3.17). All these currents are 
clearly independent, as for the chiral model case, by the recursive construction of equation 
(2.10) or (3.18). (We remind the reader that the two components // = 0, 1 of A^ or jffi 
corresponding to the t, x coordinates, are themselves four dimensional vector fields, and all 
the above equations hold for each component of the vector fields in the coordinate system.) 

The corresponding conserved charges are four dimensional vector fields. The components 
of the first two charges are given in terms of the integrals of the components of the vector 
field U using 

QW(t) = J dxdpdq 4 1] = J dxdpdq U (3.20) 
Q {2 \t) = J dxdpdq = J dxdpdq [U, J" dx'dpdqU(t,x',p,q)} (3.21) 

This shows the non-local nature of the charges. These are however only formal expressions, 
since for their evaluation for particular metrics, the integration limits will depend on the 
'spatial' topologies. 



IV. SELF-DUALITY EQUATIONS AS A CHIRAL MODEL 

In the last section we introduced a coordinate system and showed that the SDE implies 
an infinte set of conserved currents by using an analogy with the two dimensional chiral 
model. The SDE (3.11-3.12) in this coordinate system do not however take exactly the 
chiral model form. 
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In this section we use a specific but general form for the vector fields U, V and show 
that the SDE may be written exactly as the chiral model equations (2.3-2.4), with the gauge 
group being the group of area preserving diffeomorphisms of a two dimensional surface. 

Before doing this we first give, for later comparison, the connection between the equations 
(3.11-3.12) and the Plebanski equation P,pD|. The vector fields X, T as chosen in the above 



coordinate system are already divergence free with respect to the volume form to. We now 
take the vector fields U, V to have the following form, such that they are divergence free, 
and are given in terms of one function Q(t, x,p, q): 

U = + a v — (4.1) 

v = a 4 P - n 4 q < 4 - 2) 

where the subscripts denote partial differentiation. This identically satisfies equation (3.11), 
and equation (3.12) gives 

Q xp Q t q - ^xq^tp = h(x, t), (4.3) 

where h(x,t) is an arbitrary function. With the change of variables q — > qh(x,t), this 
becomes Plebanki's first equation 

n xp n tq - n xq n tp = 1. (4.4) 

Furthermore, equation (3.3) for the metric leads to the line element 

ds 2 = Vttpdtdp + VLt q dtdq + Vt xp dxdp + Vt xq dxdq (4-5) 

We now show how the SDE may be written as a chiral model field equation. Again 
working in the above coordinate system, and with the same choice (3.10) for T, X, we take 
the following divergence free formP] for U, V in terms of the two functions A (t,x,p,q) and 
Ai(t,x,p,q): 



1 This form is similar to, but more general than that used by the author previously in ref. [17], 
where one-Killing field reductions of the self-duality equations are discussed. 
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U a = (^) a + a ba d b A, (4.6) 
V a = (^) a + a ba d b A u (4.7) 

where a ab = (d/dp)^ a <8> (d/dq) b ^ is the antisymmetric tensor that is the inverse of the two 
form (dp A dq) ab in the p,q plane. Substituting (4.6-4.7) into (3.11-3.12) gives 

a ab d b [d A 1 - d 1 A + {A , A 1 }] = (4.8) 
a ab d b [d A + d 1 A 1 ]=0. (4.9) 

where the bracket on the left hand side of equation (4.8) is the Poisson bracket with respect 
to a ab : 

{A , A,} := a^daAodbA, = d^d^ - d q A d p A u (4.10) 

and do,d\ denote partial derivatives with respect to t,x etc. Equations (4.8-4.9) imply that 
the terms in their square brackets are equal to two arbitrary functions of t, x, which we write 

as 

d A l - d l A + {A , = d F(t,x) + diG(t,x) (4.11) 
d A + d l A l = diF(t,x) - d G(t,x), (4.12) 

(where F,G are arbitrary.) With the redefinitions 

a (t,x,p, q) := A + G ai(t, x,p, q) := A 1 — F, (4.13) 

(4.11-4.12) become 

<9 ai - d ± a + {a , a ± } = (4.14) 

9 ao + 9ia! = 0. (4.15) 

These are precisely the chiral model equations (2.3-2.4) on the x,t 'spacetime', with p,q 
treated as coordinates on an internal space. The commutator has been replaced by the 
Poisson bracket (4.10). The gauge group is therefore the group of diffeomorphisms that 
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preserve a ab on the internal space. (Note that the redefinitions (4.13) do not alter the vector 
fields U, V in equations (4.6-4.7)) 

Unlike in the last section, the procedure of section 2 for constructing conservation laws 
applies more directly to this case. The only difference is that the Lie group is now infinite 
dimensional. Denoting the pair a , a\ by a^, we have the covariant derivative 

£> M = d M + {a M , }. (4.16) 

The first current is as before := a M , which implies that there exists a function g(t, x,p, q) 
such that J^> = e "9„ The nth conserved current is defined by 

JW :=ZV n_1) (4-17) 

where like equation (2.7), 

g (n-l) is 

defined by J^ 1 1 - ) = e"d v g^ n l >. The inductive proof in 
section 2 of the conservation of these currents goes through unaltered. 

The conserved charges are now integrals of the functions a®. The first two are 

Q^\t) = J dxdpdq a (4.18) 
Q( 2 )(t) = J dxdpdq [d g {1) + {a ,g {1) }} (4.19) 

where g^ 1 ' = J x dx'dpdq a (t,x' ,p,q). 

As contrasted with the last section where no fixed form of the vector fields W, V is used, 
here we have the form (4.6-4.7) which leads to a specific internal gauge group. This group 
can fixed by choosing the 'internal' space to be some specific two-dimensional manifold S 
and then one can try to solve the two dimensional equations (4.14-4.15). Since a M is valued 
in the Lie algebra of the area preserving diffeomorphisms, for compact internal spaces, such 
as T 2 , the integrals over p, q can be done explicitly by working in a specific basis for the Lie 
algebra. Such bases have been studied for a number of two surfaces We may further 
choose the space coordinatized by x to be S 1 and seek solutions periodic in x. This will then 
allow an explicit evaluation of all the conserved charges for compact spatial three manifolds 
of topology S 1 x S. 
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There is a further question regarding the relation between the full SDE (3.11-3.12) and 
the chiral model equations (4.14-4.15) derived from them. How general is the form (4.6-4.7) 
for the vector fields? We can see that the two first order equations for do, a\ are equivalent 
to a single second order equation for a function A(t, x,p, q) obtained by writing 

a = <9 X A a t = -<9 A (4.20) 

This solves equation (4.15) while equation (4.14) becomes 

A tt + A xx + A xp A tq - A xg A tp = 0, (4.21) 

(where the subscripts denote partial derivatives.) This is one equation for a function of all 
the spacetime coordinates and therefore doesn't represent any reduction in the local degrees 
of freedom for self-dual metrics. Using equation (3.3) the line element is 

ds 2 = —dt(A tp dp + A tq dq) — dx(A xp dp + A xq dq) 

+ r . \ , ((A X pdp + A xq dq) 2 + (A tp dp + A tq dq) 2 ) (4.22) 
\Af, I\ x \ 

Equation (4.21) is essentially another way of writing the SDE, which is different from 
Plebanski's two equations.^ That it has the same content is seen most simply by comparing 
the forms of the vector fields U, V (4.1-4.2), which give the first Plebanski equation, with 
the following final form of the vector fields (obtained by substituting (4.20) into (4.6-4.7)), 
which give the alternative equation (4.21): 

"=l- n 4 +si 4 (423) 

o o o 

v = — + n tq —-n tp —. (4.24) 

ox op oq 



2 Another alternative to the Plebanski equation has also been discussed recently [24|. This ap- 
proach also starts from the Ashtekar-Jacobson-Smolin equations but the remaining development is 
different from that given here, as is the final equation. 
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The forms of the vector fields (4.1-4.2) and (4.23-4.24) clearly have the same functional 
content. 

The usefulness of equation (4.21) is its direct connection with the chiral model, which 
leads easily to the conservation laws and the Hamiltonian formulation. The latter is given 
in ref. [|IJ for finite dimensional groups, and this immediately generalizes to the infinite 
dimensional case. 



V. CONCLUSIONS AND DISCUSSION 

There are two main results presented in this paper. The first provides a simple way 
to view the SDE as the field equation of a two dimensional theory, the chiral model with 
gauge group the group of area preserving diffeomorphisms of a two dimensional surface. The 
second result is an explicit construction of an infinite number of conserved currents for the 
SDE, which was presented here in two different ways in sections 3 and 4. Q 



The first result has been noted before in a different context in (16| where the inverse 
scattering form of the chiral model equations were related to Plebanski's first equation. 
Here, on the other hand, we have seen that the explicit chiral model equations (4.14-4.15) 
may be derived from the Ashtekar-Jacobson-Smolin form of the SDE, and that its second 
order form leads to equation (4.21), which is different from the two Plebanski heavenly 
equations. 

The second result shows that, unlike the full Einstein equations, the self-dual sector is 
rather rich in conservation laws. This has implications for the quantum theory for this 
sector, since in the canonical approach to quantum gravity, one of the goals is to identify 



3 A recent paper also discusses non-local conservation laws for the SDE using a completely dif- 



ferent twistor approach |23|. The method makes use of the connection between the null surfaces 
corresponding to self-dual spaces and the Plebanski equation. It would be of interest to compare 
this to the approach given above. 
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fully gauge invariant phase space functionals ('observables'), which are to be represented as 
Hermitian operators on the Hilbert space. This has been a stumbling block for full Einstein 
gravity where no such observables are known. The self-dual sector may be viewed as perhaps 
the largest possible midi-superspace (albeit with the wrong signature metric), but the results 
given here show that its phase space has an infinite number of observables. 

A further implication of these results is that, unlike the Plebanski heavenly equations, 
equation (4.21) has the advantage that it has an obvious Hamiltonian formulation - that of 
the two dimensional chiral model. In particular it should be possible to rewrite the conserved 
charges in terms of Hamiltonian variables and compute explicitly their Poisson brackets. An 
important question for integrability is whether these charges are in involution. But whether 
or not they are in involution, we still have an infinite number of observables at hand for 
canonical quantization. 

All known integrable two dimensional models have two Hamiltonian structures. The 
two symplectic forms provide an elegant way to generate all the conserved charges. An 
interesting question in this context is whether the SDE has two symplectic forms, and 
whether the conserved charges given here may be derived using these forms in the standard 
way 0. The answer to this may be provided by asking what the two symplectic forms are 
for the chiral model. 

An important result from the study of two dimensional models is that the transfer matrix, 
which is the path ordered exponential of the connection in the zero curvature form of the 
model, provides a way of constructing the conserved quantities. The connection in the zero 
curvature condition normally depends on the spectral parameter, and therefore the trace of 
the transfer matrix depends on it as well. This trace serves as the generating function for 
the conservation laws. Namely, the coefficients of powers of the spectral parameter in the 
expansion of the trace are the conserved charges [1|J3]. (This procedure has recently been 
applied to the two Killing field reductions of the Einstein equations [^2| . ) 

On the other hand, here we have derived the conserved charges, which have a resemblance 
to terms in the expansion of such a trace, (the expansion of the Wilson loop for example.) 
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However, it is not known how to construct the holonomy associated with an infinite dimen- 
sional group, let alone take its trace. In this regard it may be possible to invert the transfer 
matrix method of obtaining conserved charges, and use the latter obtained here to get an 
expansion for the holonomy associated with an infinite dimensional Lie group. Work on this 
and on the canonical quantization of the SDE using the above ideas is in progress [EH . 
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